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Abstract 

The covariant operator quantization of the ordinary free spinning BDH string 
modified by adding the super symmetric Liouville sector is analysed in the even 
target space dimensions d = 2,4, 6, 8. The spectrum generating algebra for this 
model is constructed and a general version of the no-ghost theorem is proven. A 
counterpart of the GSO projection leads to a family of tachyon free unitary free 
string theories. One of these models is equivalent to the non-critical Rammond- 
Neveu-Schwarz spinning string truncated in the Neveu-Schwarz sector to the tachyon 
free eigenspace of the fermion parity operator. 
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1 Introduction 



The relevance of the (super-) Liouville theory for a proper description of quantum string in 
non-critical dimensions was first pointed out in Polyakov's celebrated papers on conformal 
anomaly in bosonic [Q] and fermionc string models. This observation inspired extensive 
studies of the quantum Liouville and the super- Liouville theory [Q. In spite of signif- 
icant progress in D < 1 non-critical strings and superstrings || and the subsequent 
development of the corresponding Liouville and the super-Liouville || conformal field 
theories the question whether the famous D = 1 barrier can be overcome remains open. 

There are basically two different approaches to this problem. One of them developed by 
Gervais and collaborators |9j has already brought many promising results but technicalities 
involved make it difficult to go beyond topological models flQfl. The second approach 



recently advocated by Polyakov JTT| identifies the Liouville degree of freedom with an 
extra fifth curved dimension. This idea received unexpected support from the recently 
discovered relation between the fundamental IIB superstring in AdS§ x S 5 background 
and the supersymmetric Yang-Mills theory in four dimensions |]T2[ . It is believed that this 
approach may lead to a plausible scenario for non-critical strings but there are still many 
difficult open problems [|13[ . 

Whatever an ultimate understanding of the Liouville dynamics would be it seems 
reasonable to analyse less ambitious and more elementary questions about the role of the 
Liouville degrees of freedom in the quantum mechanics of free strings. The first attempt 
in this direction was made long time ago by Marnelius [[14]]. He considered the standard 
string model modified by adding the Liouville sector. Assuming some general features of 
the quantum Liouville dynamics he was able to show that the non-zero Liouville modes 
can be identified with the longitudinal Brower excitations of the non-critical Nambu-Goto 



string [16 



This modification of bosonic string has been recently reconsidered under the assump- 
tion that the bulk and boundary cosmological constants vanish [IT]. This apparently 
drastic simplification leads however to a nontrivial free string model exhibiting many in- 
teresting features [T7|]. In particular the constraint eliminating the Liouville zero mode 
appears as a consistency condition for the variational principle. This excludes for instance 
the interpretation of the Liouville sector in terms of an extra target space dimension. 

In the covariant quantization the Liouville sector is described by a free 2-dimensional 
conformal field theory of the Fegin-Fuchs type ||18|| . The corresponding no-ghost theorem 



17] admits a family of new non-critical free bosonic quantum strings called massive strings 



for the properties of their spectra - all states except the tachyonic ground state are massive. 
One of them with the largest possible space of null states is called the critical massive 
string. It is completely equivalent to the non-critical Nambu-Goto string [0. In this 
special case one can also develop the light-cone formulation and calculate the particle 
content of the model |19[ . 

The problem addressed in the present paper is the covariant operator quantization of 
the fermionic counterpart of open massive string and the general no-ghost theorem for 
this model. The paper is organised as follows. In Section 2 the classical model of massive 
string is introduced. In Section 3 we present the covariant quantization of the model. In 
Section 4 the space of physical states is explicitly constructed in terms of DDF operators. 



3 The model is critical with respect to the structure of null states rather than the dimension D of the 
target space which may vary in the range 1 < D < 25. 
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This is our main result. It is used in Section 5 to prove a general version of the no-ghost 
theorem. In Section 6 we introduce a non-critical counterpart of the GSO projection and 
construct a family of tachyon free unitary fermionic string models. 



2 Classical theory 



One can introduce the fermionic massive string as a world-sheet N = 1 supersymmetric 
extension of the bosonic model. It is defined by the spinning string covariant action 
pOfl supplemented by the supersymmetric Liouville action [[H], [22, ^] with vanishing 



cosmological terms. In the superspace notation [2^] it takes the form: 



S[E,$,X\ 



2lT 



d 2 zd 2 9ED n X„D a X^ 



(1) 



M 



-£ Jd 2 zd 2 9E(D a <S>D a <5> -2iS E $) 

M 



where 



X»(x,9) = x»(x) + i9^ + \99D» , 



<f(x) + i9ifj L + \99D l 



are the embedding and the Liouville 2-dim real scalar superfields, respectively. For the 
2-dim supergravity sector we use Howe's notations and conventions |24| (E^ denotes the 
supervierbein and Se is the corresponding curvature scalar superfield). In all three sectors 
we assume unique supersymmetric extensions |2T| of the boundary conditions of the 



bosonic massive string [|17 



The action is invariant under superdiffeomorphisms and local Lorentz transformations. 
Due to the absence of cosmological terms it is also invariant with respect to a special class 
of superconformal transformations 



77>a 



e^El 



M 



e^E a M -^EU la )^D E 



with scaling superfields £ satisfying the equation D a D a Y, = 0. Due to this extra symmetry 
the supergravity sector can be completely gauged away. In the flat superconformal gauge 



E M 



E°. 



I''".. <Z, ■ EZ — ; /:,, = m ry j A/ , . 
the model is given by the following system of equations 

D a D a X^ = D a D a $ 
a{ 1 h 1 a )iDpX>"d b X li + /3( 7 y )i* {Dfldb® - 2Dpd b $) 

ds d 2 9 9 a n al a D a <5> 














where <9Mj denotes the " initial" world-sheet boundary. The origin of the last constraint is 
essentially the same as in the bosonic massive string |17| |. Proceeding to the components 
and eliminating the auxiliary fields _D M , D L one has 



d a d a x>* 

'J /V 



T a b = 



d a d aV = rd a ^ L 

dsn a d a Lp = , 







2 



where the supersymmetry current J„ and the energy momentum tensor T ab are given by 

+ f (d a ipd b if - lr] ab d°(pd c (p - 2<9 a <9 6 <£ + \i) L (~f a d b + ^ h d a )^ L - lr] ab ip L 'rfd^ 1 



In the flat superconformal gauge the supersymmetric boundary conditions |25|, take 
the form 

i'0(t,O) = ^(t,tt) = , ^(r,0) = y/(r,7r) =0 
^(r,0) = ^(r,0) , V+(r,0) = ^ L M) 

r+(r,n) = (-l)^(r,7r) , ^(t,tt) = (-l)^(V, tt) , 

where e = corresponds to the Rammond, and e = 1 to the Neveu-Schwarz sector; ip± 
denote components of 2-dim spinor in the basis of 7°7 1 eigenvectors. 
Introducing holomorphic variables 



7T 7T 

f / da x»(a, 0) , % L = ^ / ^> 0) 



satisfying the canonical graded Poisson bracket relations 

K,<£} = tT , {co,% L } = 1 

one can rewrite the constraints in the following standard form 

= IE a_n ' a n+m + (1 — $171,0 + | E r ^-r ' ^r+m 

+ |E c_ n c n+m + 2i^Jpmc m + 2(35 m0 + | E r d -rd r + m , (2) 



G r = E a- n -b n+r + C -ndn+r + &\J prd r , 

c = . (3) 
The Poincare generators are represented by 



= ^faa 



o > 



= ^-^-ilii^-a^) (4) 

ra>0 

-2 2 ( & - A" - b%K) - Sl^b" , 



r>0 



where xft = ^qg. 
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3 Covariant quantization 



Following standard prescriptions of covariant quantization we start with the algebra of 
canonical commutation and anticommutation relations 



(5) 



[ a m> a n] 


= mrf &m,-n 








— — iff^ 


[ c o,Qo] 






= rrtr,-. 







supplemented by the conjugation properties 



< , = Qo , (co) + = c , ( % L ) = qt 

d— m j (fir) b_ r , (c m ) C_ m , (<^r) ^ 



(6) 



where m G r G ^ + I. Let us denote by F t (p,p L ) the Fock space generated by the 
algebra of non-zero modes out of the unique vacuum state fl t (p,p L ) satisfying 

a^Q t (p,p L ) = c m Q t {p,p L ) =0 , m>0 , 

b?tt e (p,p L ) = d r tt e (p,p L ) =0 , r>0 , 

P^l t (p,p L ) = p^Q t (p,p L ) 

P L Q t {p,p L ) = p L Q t {p,p L ) 

The space of states is a direct sum of the pseudo-Hilbert spaces H e (p,p L ) along (d + 1)- 
dimensional spectrum of the momentum operators P M , P L = yfftco 

H e = J d d pdp L H e (p,p L ) . 

In the Neveu-Schwarz sector (e = 1) 

H 1 (p,p L ) = F 1 (p,p L ) . 

In the Rammond sector (e = 0) the fermionic zero modes b^,do form the real Clifford 
algebra C(d, 1) corresponding to the metric of (d, 1) signature. If one requires a well 
defined fermion parity operator the zero mode sector of H (p, p L ) must carry an irreducible 
representation of the real Clifford algebra C(d +1,1). 

For the sake of simplicity we restrict ourselves to the even dimensions d = 2, 4, 6, 8 of 
the target space. As we shall see in Sect. 5. higher dimensions are excluded by the no- 
ghost theorem. Let D(d + 2) be the space of an irreducible representation of the complex 
extension C c (d + 2) = C(d + 1, 1) <g> W of the real Clifford algebra C(d + 1, 1). Note that 
for even d the algebra C°{d + 2) is simple and there is only one such representation of 
complex dimension 2 _ 2~. D(d + 2) regarded as a representation of C(d+ 1, 1) is irreducible 
only for d = 4 [ZSf. For d = 2, 6, 8 the complex representation D(d + 2) decomposes into 



a direct sum of two equivalent real irreducible representations of C(d + 1, 1) 

D(d+2) = S(d+ 1,1) ®S(d+ 1,1) , 



where S(d + 1, 1) are characterised by appropriate Majorana conditions |26 . 
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Strictly speaking the rules of covariant quantization require an irreducible represen- 
tation of the real Clifford algebra C(d + 1,1). We shall however admit the complex 
representation D(d + 2) which leads to the following structure of H (p,p L ) 

H (p,p L ) = F (p,p L )®D(d + 2) , 

and provides a unified formulation for all cases d — 2, 4, 6, 8. Other reasons for this choice 
will be discussed in Sect. 5. 

Let us denote by a%, c n , b%, d r the operators on F Q (p,p L ) representing non-zero bosonic 
and fermionic modes. Using gamma matrices of the D(d+2) representation normalised by 
-(r ) 2 = (r 1 ) 2 = . . . = (F* -1 ) 2 = (r L ) 2 = (r F ) 2 = 1, one can construct a representation 
of the algebra (H) on H (p,p L ) as follows 





= a£< 


g> 1 




c n C 


5 1 






If 

r 


= 




d r 


= d r C 






(7) 


°0 


= 1 <g 


Ip 

V2 1 


d 


= 1 <g 









The fermion parity operator on H (p,p L ) can be defined by 

(-i) F = (-if®r F 

where F = J2 r >o b- r • K + J2 r >o d- r d r is the fermion number operator on F Q (p,p L ). 

The hermitian scalar products in the spaces F (p,p L ), F 1 (p,p L ), and D(d + 2) are 
determined by the relations (^) and the conjugation properties (pp. 

The constraint operators L m , G r on H e are represented by normally ordered coun- 
terparts of the classical expressions (|). For the bosonic and fermionic zero modes we 
assume the symmentric and the antisymmetric ordering, respectively. In both sectors the 
quantum constraints algebra takes the form 

[L m ,L n ] = (m - n)L m+n + |(d + 1 + 32/5)(m 3 - m)5 m - n , 
[L m ,G r ] = (y — r)G m+r , 

{G r , G s } = 2L r+s + §(<2+l + 32/?)(r 2 -±)5 r ,_ s . 

The subspace TC^ C H e of physical states is defined by the conditions 

(L n - aA,o)# = , n>0 , 
(G r + moSb^o)* =0 , r > I , 
(P L -p L )^ = , 

where g = l£g>r F , and a e , m e ,p L 6 iR, are regarded as parameters of the quantum model. 
They are related by the condition 

a e = -m 2 + (l-e)i(d+l)+2/3 . 

The "mass" operator go has been introduced in order to obtain the most general setting 
in which the conditions involving Lq, and Go are consistent with the algebra relation 
G 2 = L -±(d+ 1 + 32(3). 

The normal ordering does not alter the classical expressions for the Poincare generators 
(H) and their algebra is represented on 7i^ h without anomaly. 
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4 DDF construction 

The DDF construction [B^] for the Neveu-Schwarz model was developed long time ago 
by Schwarz [28H, and by Brower and Friedman [ 29| . In this section we shall extend this 
technique to the fermionic massive string. For this purpose it is convenient to introduce 
the subspace H t C H e of on-shell states \I> satisfying the on-mass-shell conditions^ 

(L -a e )^=(±.P»P fl + ±(P L ) 2 + R + m 2 e )y = , P L ^> = (8) 

where 

R = ( a -ma m + C-mC m ) + E r {b- r b r + d_ r d r ) , 

m>0 r>0 

is the level operator. Since L commutes with the Poincare generators 7i t carries a 
representation of the Poincare algebra. The decomposition of 7i e with respect to the 
mass coincides with the level structure 

H e =@H? ; RH? = NH? . (9) 

Af>0 

Each subspace Ti^ is a direct integral of finite dimensional subspaces TC^(p) with fixed 
on-shell momentum p 

K»= I df, N (p)H?(p) , (10) 



is" 

where Sf denotes the mass shell at level N determined by the condition (]8|), and dfi N (p) 
is the Lorentz invariant measure on . 



Following |28|, |29| we introduce the DDF fields 



m=f=0 rn=t=0 

pn{e) = a>'(0) , n(0) = 



where prime denotes differentiation with respect to 9. 

Let us fix a light-cone frame {e±, ex, ... , ed-2} in d- dimensional Minkowski space nor- 
malised by e\ = 0, e+ • e_ = —1, and • = 5jj for i, j = 1, . . . , d — 2. We shall use the 
following notation for the light-cone components of a vector V 

V± = e± • V , V 1 = a ■ V . 

In the original construction the domain of DDF operators is restricted to states with 
momenta satisfying -^P+ € This restriction can be overcome introducing slightly 
modified DDF fields 

±1 

v /<f / 

±j 

\p+ J 



x ± {6) = (ff'x^e) , x\e) = x^{9) 

P ± {6) = (£) ±l P ± (e) , P\6) = P^(6) 



4 The on-mass-shell conditions are not essential for the construction of DDF operators. We impose 
them at the beginning in order to simplify our presentation. 
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The rescaling above leaves unchanged all the (anti) commutation relations relevant for 
calculating the algebra of DDF operators. Let us note that a single light-cone frame is 
sufficient for a global DDF parameterisation of 7i e . Indeed the momenta with p + = for 
which the construction gets singular form a zero measure subset of each mass shell 
and can be neglected. 

The DDF operators for the "super- matter" sector are exactly the same as in the 
Neveu-Schwarz model 0, [29|]. In our notation they read 

2rr 



A l m = i Jd6 : (P i - mV i V + ) e imX+ : 



o 

2rr 



Bl 



± d9 : {WP£ - P l ^ + P + 2 - e 



irX+ . 



2tt 



A- m = i fd$:{P--m#-V + )a 1mX * 



o 

27T 



- i /d0 : \ {mP- l P' + + m^+^p- 1 ) e 



-1\ •irn.X^ 



2- 



b: 





2rr 



+ 



2- 



<20 



K^+p+^'p+^p; - !(*+p+ 1 ) , p 



16 + + 



ArX 4 



Note that the antisymmetric ordering of fermionic zero modes is responsible for the sector 
dependent term in the expression for B~ . 

In order to find appropriate DDF operators for the super-Liouville excitations one can 
start with the "naive" operators 



2rr 

C° = ± Jd9 : (II - m# L ^+) e imX+ : 



2- 



D° r = ± Jde : (*iP| - m + P + * - ^ L q + y + )e irX+ : , 
o 

and calculate their (anti) commutators with the fermionic constraints 



2jt 



G r , C\ 



h dere ird : AiJf3^ + e imX+ : 



{G r ,D° s } 



2n 

2tt 



J_ 

2- 



dere ire : teJp(P. 



The corrections required can be deduced by comparing the expressions above with the 
corresponding calculations for the "naive" longitudinal DDF operators pBL E£|. In the 
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case of the bosonic Liouville operator C m = + SC m the correction 



2- 



5C m = ±Jd6: 2^(3 (P- X P; + m* + *' + P?) e 



1\ „iml4 



is proportional to the bosonic longitudinal correction |28|, p9[ . The correction for the 
fermionic Liouville operator D r = D° r + 5D r is not that obvious. It can be however 



identified as a part of the fermionic longitudinal correction derived in £S 

-IV D2 „«»*X + . 



5D r = -± d9 : ^P^+p-^'P^e 



o 



The transverse and the Liouville DDF operators satisfy the canonical (anti) commutation 
relations 



\A l A 3 ' 

V mi n. 



m5 t:) 5, 



m,—n j 



1L 



{S;.,^} = 5zj5 r ,_ s , {D r ,D s } = 5 r ,. s 

and all cross (anti) commutators between these two families vanish. 

The longitudinal DDF operators A~ , B~ do not commute with other DDF operators. 
Following [pi one can diagonalize the algebra introducing " shifted" longitudinal operators 



where 



A L — A~ — C _i_ Ia r, 



IE ^X+m + (l-c)^^ + | E ^3 



(12) 



r+m 



rtX+i 



+ I E C-n<?n+m + 2%^mC m + 2/35 m0 + | E rZL r Z>, 



r+m j 



^ = I E ^-n^n+r + I E C- n D n+r + 4^7^ 



The new longitudinal operators commute with the transverse and the Liouville DDF 
operators and form an iV = 1 superconformal algebra with the central charge c = 9 — d — 
32/3 



A A 

mi n 
L r>L 



J m,—n j 



A L R 

A mi n r 



(13) 



= (m-n)A I m+n + |(9- d- 32/3) (m 3 - m)£ 
- (vi- r \B L 

V 2 / m+r i 

{B?,Bf} = 2^ +s + i(9-d-32/3)(r 2 -i)A r ,_ s . 
By construction all the DDF operators X> a , 2a G ^ satisfy the following basic relations 

[L m ,P a ] = [G r ,V a } = , mGl, re^ + f , 
[i2,X> a ] = -aV a 



P«a(p) = 



a > 
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where the on-shell vacua O e (p) G Ti^(p) are defined as 0-level states with the on-shell 
momentum p G S®. 

In the Neveu-Schwarz sector the space l~L\{p) is 1-dimensional and the unique on- 
shell vacuum fii(p) is physical. In the Rammond sector the space TCq(p) carries a finite 
dimensional representation of the Clifford algebra. The subspace 7i[}(j>) ph C 'Hq{p) of 
physical vacuua is determined by the condition 



GMp) 



+ + m o9o) tt (p) 



= . (14) 
for a basis in the space 



We introduce a common for both sectors notation jf2^(j>)j 

?i®(p) ph of physical vacuua with a momentum p. 

Let us consider monomials i9[D] of the DDF operators T> a with negative indices a < 0, 
and with some fixed ordering. With the restriction a < the ordering matters only for the 
longitudinal DDF operators where one can choose for instance the standard ordering of the 
superconformal Verma module construction. We denote by P^jj ^-(jv) the collection 
of all ordered normalised monomials of the DDF operators with negative indices and with 
a fixed level N 

X tff >[£>]] = N^ N) [V] . 
With the above notation one gets 

Lemma For any N > andpe S? , P+ ^ the DDF states 



Jej e ,le 



form a basis in the subspace Ti,^(p) ph C \p) of all physical states with the momentum 
p. 



The lemma can be proven using Brower's ideas |IJJ in exactly the same way as in the 
case of the Neveu-Schwarz model [29|. 



5 No-ghost theorem 

For any p + ^ 0, and p = p l Ci let us consider the subspace H e (p) ph of all states generated 
by the DDF operators out of the physical vacua fl t (p) G H®(p) ph with the momentum 

It follows from the algebra of DDF operators ( |TT| , |ilf ) that H e (p) ph has the structure of 
the tensor product 

H e {p) ph = F tT ®F L ®V f Xc,h e )®H° e (p) ph , (15) 

where JF tr , T L denote Fock spaces generated by the algebra of the transverse and the super- 
Liouville DDF operators (|TTD , and V e (c, h e ) is the superconformal Verma module generated 
by the Rammond- Neveu-Schwarz superconformal algebra of the "shifted" longitudinal 
DDF operators with the central charge c = 9 — d — 32/3 (0). The highest weight h e of 
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V e (c, h e ) is determined by the structure of the "shifted" longitudinal operator Aq ([12]), 
and the on mass shell condition (|) 

h e = \-{l-e)±{d-l)-2f3 + m 2 e . 

Using the light-cone parameterisation of the mass shells and the lemma of Sect. 4 
one can represent the subspace 7i Ph of all physical states in the following form 

Hf = [ ^±d d - 2 pH e ( P T h . (16) 
•> \P+\ 

The metric structure of each Ti, € (p) ph is completely determined by the algebra of DDF 
operators (|ll],[n|) along with their conjugation properties with respect to the metric struc- 
ture of the original pseudo-Hilbert space H e : 

(4Jt = Ai m , {A L J = A L _ m , (C m )t = C . m , meZ, 
(Sj)t = Bl r , (5 r L )t = B L r , (D r y = D. r , r G Z + § . 

The Fock space component jF tr ® JF L of 7i e (p) ph fll5D is the same in both sectors and 
carries a positive definite metric. The metric structure of the super confer mal Verma 
module V e (c, h e ) had been extensively studied in the context of unitary highest weight 
representations of the Rammond-Neveu-Schwarz superconformal algebra. The necessary 
conditions for the absence of negative norm states in V e (c, h e ) were derived by Friedan, 
Qiu, and Shenker |SD|, |ST|. It was farther proven by Goddard, Kent, and Olive that 



these conditions are also sufficient. 

In the Neveu-Schwarz sector the subspace 7i°(p) ph is 1-dimensional and the decompo- 
sition (|15|) simplifies 

Hi{p) ph = ^ tr ®^ L ®Vi(c,/n) . 
Then the results concerning the metric structure of Vi(c, h\) |30], [31], yield the following 



No-Ghost Theorem — Neveu-Schwarz sector 

The space of physical states in the Neveu-Schwarz sector of the fermionic massive 
string is ghost free if and only if one of the following two conditions is satisfied 

1. continuous series 

0<(3<— , m?>2/3-- , 

2. discrete series 

8-d 1 22 d . [(m + 2)p - mq] 2 

P = Pm = ; r i mf = m„ „ = h 1 ; , 

1 1 32 4m(m + 2) ' 1 p ' q 16 8m(m + 2) 

where m,p, q are integers satisfying 2 <m, 1 < p < m, 1 < q < m + 2, p — q even. 
In the Rammond sector the structure of 7ioG°) ph * s more complicated 

n (p) ph = F tr v (c, ho) <g> n° ( P ) ph . 
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Let us assume that the necessary and sufficient conditions for the non-negative metric 
structure of the superconformal Verma module of the Rammond superalgebra [[30], 131, [32 



are satisfied. Then the properties of the metric structure of Ti,Q h are entirely determined 
by the properties of the metric structures of the subspaces of physical vacuua Wo(p) ph . 

In order to find an explicit form of the scalar product in l~L®{p) ph ^ us ^ TS ^ analyse 
hermitian scalar products on the irreducible representations D(d + 2) of the complex 
Clifford algebras C c (d + 2). There exists one and only one hermitian positive definite 
scalar product ( , ) on D(d + 2) such that all gamma matrices are isometries. We define 
the parity operator 







■ r r l T d~l T L T F for d = 2j g 

r o r i _ _ _ r d-i r i r F ford = 4, 8 



Note that 9 is hermitian with respect to ( , ) and 9 2 — 1. The rules of covariant 
quantization require a hermitian scalar product on D(d + 2) for which T ,1 ,r L ',r F are all 
hermitian. A unique product with these properties is given by 

(£,C> = (£,r°0C) , t,CeD{d + 2) . 



The 0-level physical states ip G Ti.Q Ph satisfy Go constraint (|14|). In the position represen- 
tation it takes the form of the Dirac equation 

' 1 Vd^ + -^=T L + m T F )t/j = . (17) 



For any two solutions ifj(x), <p(x) the vector current 

is conserved, and can be used for constructing a Lorentz invariant scalar product on Ti.Q Ph 

= fdx 1 ...dx d - 1 (i/j(x),9(j)(x)) (18) 
dx~d d - 2 x (ip(x),T + T°9(j)(x)) . 



Proceeding to the momentum representation and taking into account the Lorentz invariant 
measure in ( |16|) one gets the scalar product in 7io(p) ph 

^(P),0(p))i.c. = (^(p),r + r°^(p)) . 

Since it is neutral so is the metric structure of 7^o(p) pl \ an d in consequence the metric 
structure of the space of all physical states. This is not necessarily a disaster for the 
unitarity of the model. What saves the day is a Lorentz invariant decomposition of 7Yg h 
into a direct sum of two orthogonal components 

Ht = Hf + @Ht_ (19) 

with a positive and a "negative" definite scalar products, respectively. In order to con- 
struct such decomposition let us consider the extension Oq = 9 <g> 1 of 9 from D(d + 2) 
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to the whole pseudo-Hilbert space Ho of covariant quantization. Using the explicit re- 
alisation (0) one can easily verify that 0o has all the properties of the fermion parity 
operator. This in particular implies that Go commutes with the Lorentz generators, and 
anticommutes with the Dirac operator fll?p . Then it follows from the representation flI8|) 
that the eigenspaces r H^± corresponding to ±1 eigenvalues of 60 yield the decomposition 
required. 

The unitarity problem can be solved by imposing the superselection rule related to 
the decomposition flT5|). This is possible if and only if an operator O with the required 
properties can be constructed which is always the case if we start with the complex 
representation D(d + 2). Note that for d < 9 and within the covariant quantization based 
on the irreducible representations S(d+1, 1) of the Clifford algebra C(d+1, 1) the operator 
0o exists only for d = 4 and d = 8 |26j| . This provides another justification for our choice 
made in Sect. 3. 

Taking into account the restrictions for possible central charges, and highest weights 
of the superconformal Verma module Vo(c, ho) of the Rammond superconformal algebra 
one gets the following 

No-Ghost Theorem - Rammond sector 

The space Ti^ °f physical states in the Rammond sector andmits a unique Lorentz 
invariant scalar product. This product is neutral. Ti^ decomposes into an orthogonal 
direct sum 

n f = H f +& < H f_ 

of the eigenspaces of the parity operator O . 

The eigenspaces Hq ± are ghost free if and only if one of the following two conditions 
is satisfied 
1. continuous series 



n 8-d 9 „ 8-d 

< 3 < , ml > 23 

1 ~ 32 ' 16 



2. discrete series 



_ 8-d 1 2 _ 2 [(m + 2)p - mqf 

fJ ~ fJm ~ 32 + 4m(m + 2) ' m ° ™ 8m(m + 2) 
where m,p, q are integers satisfying 2 < m, 1 < p < m, \ <q<m + 2,p — q odd. 

In all our considerations the zero mode of the Liouville momentum p L has been re- 
garded as a free parameter of the quantum theory. The no-ghost theorems do not impose 
any restriction on p L . Since there is no ordering ambiguity in the constraint P L = we 
shall assume p L = 0. In this case the parameters m ,mi have the interpretation of the 
physical masses of the corresponding ground states. 



6 Conclusions 

The results of the previous section yield a complete classification of all admissible Hilbert 
spaces ?{P h (3,m e ) of both sectors of the massive fermionic string in terms of the param- 
eters 3, and m e . For 3 from the discrete series the total Hilbert space is given by 

H p \m)= Hl h (P m ,m P!q ) Hf(3 m ,m P , g ) , 

p~q odd p—q even 
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where the sum runs over all 1 < p < m, 1 < q < m + 2, and m — 2,3, ... . The central 
charge c of the superconformal algebra of the " shifted" longitudinal DDF operators 

8 

C Cm. 1 



m(m + 2) ' 

"measures" the number of longitudinal physical degrees of freedom. In particular for 
m — 2, one gets c<i = 0, and all states containing longitudinal excitations are null. 
The quantum theory contains one "superfunctional" physical degree of freedom less than 
the classical one. For large m the central charge c m approaches 1. The limiting case 
c = Cqc = 1 corresponds to /3 = ^(8 — d) - the upper bound of the continuous series. We 
define 

H ph (oo) = 7*^(8 -d),0)©ftf(i(8-d), -id) . 

In this model the space of physical states is largest possible. Both the classical, and the 
quantum theories contain d "superfunctional" physical degrees of freedom. 

For (3 in the range < (3 < ^(8 — d), one has 1 < c, and the structure of the 
physical degrees of freedom of the quantum theory is essentially the same as in the model 
described by H ph (oo). One could in principle define a continuous family of models but 
without any extra physical assumption the ground state masses tuq, m\ are undetermined 
free parameters of such construction. 

Models from the family |7^ ph (m)| are not quite satisfactory. The spectrum of 
each Neveu-Schwarz sector contains tachyon, while the metric in the Rammond sector 
is always neutral. As we have seen in the previous section the second problem can be 
overcome by introducing superselection rule related to the operator O . One can try to 
extend this rule to the whole Hilbert space. Following the scheme of the GSO projection 
in the critical string |3t| we decompose the space 7-^ ph (m) of the Neveu-Schwarz sector 



into the direct sum 

Hf( m )=ftP h + ( m )©ft ph _(m) 
of the ±1 eigenspaces of the fermion parity operator Oi 

Q 1 = (-1) F+1 , F = J2( b -r ■ b r + d- r d r ) . 

r>0 

With this definition of ©i the eigenspace Hi\ (m) corresponding to +1 eigenvalue does 
not contain the tachyonic ground state. We introduce a non-critical counterpart of the 
GSO projection as the projection on the +1 eigenspace 

^P h ( m )=^P h + ( m )©H ph + (m) 

of the fermion parity operator O = O © ©i- It yields a family of tachyon free unitary 
non-critical fermionic strings. In contrast the original GSO projection it does not 
lead to a supersymmetric spectrum. Note that there are no massles states in models with 
odd m. 

The model corresponding to beginning of the discrete series (3 = (3 2 = is especially 
interesting. In this case the subspace of null physical states is largest possible. For this 
reason it will be called the critical (fermionic) massive string. The space of "true" physical 
states Ti tr {2) is given by the quotient 

^ Ph (2) 



n tT {2) 



{null states} 
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As in the case of the bosonic critical massive string [19j one can show that the subspace 
^rns _ ^rns ^rns c ^ph( 2 ) generated by the transverse A\B\ and the longitudinal 
A~, B~ , DDF operators is a good gauge slice for the quotient map 7i ph (2) — > 7i tr {2). In 
consequence the even (with respect to 0) subspace 7i+ NS = 7i.™ s © Tlf + s yields a 1-1 
parameterisation of the quotient space TC^(2) of the GSO projected model. 

The superalgebra of the transverse and the longitudinal DDF operators of the critical 
massive string is by construction isomorphic with the whole DDF algebra of the non- 
critical Rammond-Neveu-Schwarz string [T2^, This implies that in the Neveu-Schwarz 
sector the subspace 7if NS is isomorphic with the tachyon free eigenspace of the fermion 
parity operator in the space of physical states of the non-critical RNS string. In the 
Rammond sector each eigenspace 7i^ s of Go carries the same complex representation 
D(d) of the real Clifford algebra C(d — 1,1), and is therefore isomorphic with the whole 
space of physical states in the Rammond sector of the non-critical RNS string. 

One can easily verify that the subspace 7i^ NS is stable with respect to the Poincare 
transformations, and carries a representation which is isomorphic with the representation 
of the Poincare group in the non-critical RNS string. It follows that the GSO projected 
fermionic critical massive string is equivalent with the non-critical RNS string truncated 
in the Neveu-Schwarz sector to the tachyon free eigenspace of the fermion parity operator. 

We have shown that the covariant quantization of the free fermionic massive string in 
the even dimensions d — 2, 4, 6, 8 leads to a family of new tachyon free unitary fermionic 
strings. One of these models - the critical fermionic massive string - is closely related to 
the non-critical RNS string. 

There are at least two interesting open problems before one may try to attack the 
question of the interacting theory. First of all it would be desirable to develope the light- 
cone formulation of the critical massive string and to calculate its spin content. In view of 
the equivalence discussed above it would provide the particle spectrum of the non-critical 
RNS string. The second problem is to analyse the superconformal field theory structure of 
the fermionic massive string. This would in particular clarify the status of the non-critical 
GSO projection proposed in this paper. 
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